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A faster, more efficient method for simulating nonlinear de-
formable models was presented in 2005 [1]. These speedups
were achieved through two modifications - reducing the di-
mensions of the Euler-Lagrange equation of motion with a
reduced deformation basis, and precomputing polynomial
coefficients for the internal force and the tangent stiffness
matrix. While the results of this paper are impressive, they
are hard to reproduce. In particular, the explanations for the
precomputed coefficients contain confusing notation and op-
erators. The goal of this paper is to recreate that paper, so
that others may understand and replicate their work. With
this goal in mind, we start from the very beginning, by ex-
plaining the problem at hand, defining all the terms, and
suggesting methods of implementation. This paper also pro-
poses new, tensor algebraic internal force and stiffness ma-
trix polynomials, as opposed to the FEM method used in the
2005 paper. Since this is a new method, and this paper aims
to allow others to follow along, all derivations of terms are
included. This includes an overview of tensors, including
all of the tensor mode product rules used and/or derived in
order to achieve our results. By providing equations, expla-
nations, and pseudocode, we hope any reader with sufficient
background in physical simulation can reproduce this work.

1 Introduction
The goal of this paper is to document each step taken in

recreating Barbič and James’s 2005 paper [1]. They utilize
past work on real-time deformable objects and model reduc-
tion in solid mechanics to speed up computations and allow
for large deformations. The Finite Element Method is used
to discretize partial differential equations of solid continuum
mechanics, allowing the motion to be described through the
Euler-Lagrange equation,

MMMüuu+DDD(uuu, u̇uu)+RRR(uuu) = fff (1)

where MMM ∈ R2n×2n is the mass matrix, DDD is the damping
force, RRR is internal force, and fff is external force. uuu ∈ R2n

is the displacement vector. This equation is then reduced
by introducing a time-independent matrix, UUU ∈ R2n×r, spec-
ifying a basis of some r-dimensional linear subspace. After
reduction, the equation becomes:

M̃MMq̈qq+ D̃DD(qqq, q̇qq)+ R̃RR(qqq) = f̃ff (2)

where qqq, D̃DD(q, q̇), R̃RR(q), f̃ff ∈ Rr, M̃ ∈ Rr×r, and each can be
found through the equations:

uuu =UUUqqq (3)

M̃MM =UUUT MMMUUU (4)

D̃DD(qqq, q̇qq) =UUUT DDD(UUUqqq,UUUq̇qq) (5)

R̃RR(qqq) =UUUT DDD(UUUqqq) (6)

f̃ff =UUUT fff (7)

K̃KK =UUUT KKK(UUUqqq)UUU (8)

Using these equations to reduce the problem speeds up
the computation, but everything can be sped up further by



Fig. 1. A visual representation of a third order tensor. It can be
imagined in three distinct ways, depending on how you index it. This
image is from [2]

Fig. 2. A visual representation of a fourth order tensor. In code, it is
treated as a vector of third order tensors.

treating the calculation of RRR as cubic polynomial and KKK as
a quadratic polynomial. Then, constant coefficients can be
precomputed for these equations, such that

R̃RR(qqq) =UUUT RRR(qqq) = PPPiqqqi +QQQi jqqqiqqq j +SSSi jkqqqiqqq jqqqk (9)

K̃KK(qqq) =
∂R̃RR(qqq)

∂qqql
= PPPl +(QQQli +QQQil)qqqi +(SSSi jl +SSSil j +SSSli j)qqqiqqq j

(10)
The reduced Euler-Lagrange equation of motion can

then be solved using a Newmark integrator, animating large
deformations of deformable models more efficiently than
previously possible.

This paper will start from the very beginning of the pro-
cess, i.e. creating triangle objects to form a triangle mesh for
any specified model, and walk through every step until an
actual animation is created at the end. OpenGL is used for
drawing and displaying images, and C++ was used for the
rest of the implementation.

Fig. 3. A visual representation of a 3-mode vector product, where
AAA ∈ Rn×n×4 and fff ∈ R4

2 An Overview of Tensors
Before going into the details of how to implement

reduced-order St. Venant-Kirchhoff deformable models, it’s
important to review tensors, as they show up in many places
throughout this paper. The following explanation is in-
fluenced by [2], and contains extra findings that emerged
through implementation.

A tensor is a multidimensional array. For example, a
matrix is a second order tensor, and a vector is a first order
tensor. An Nth order tensor is an array of N dimensions, and
thus indexed using N indices.

Figure 1 shows a visual representation of a third order
tensor; it can be imagined as a vector of matrices, where each
square slice represents an individual matrix. Figure 2 shows
a visual representation of a fourth order tensor, or a vector
of third order tensors. Fourth order tensors are the highest
dimension tensor needed for this paper, so no other tensor
visuals are included.

There are three different kinds of tensor multiplication
that we will use throughout this paper.

2.1 Scalar Multiplication
This works exactly as it seems like it would. For a ∈ R,

XXX ∈ RI1×I2×...×IN ,

(aXXX)i1,i2,...,in = a · xi1,i2,...,in (11)

2.2 n-Mode Vector Product
When a tensor is multiplied by a vector, its order reduces

by 1. An n-mode vector product of a tensor XXX ∈RI1×I2×...×IN

with a vector vvv ∈ RIn is denoted by XXX×̄nvvv. Element-wise,



(XXX×̄nvvv)i1,...,in−1,in+1,...,iN =
In

∑
in=1

xi1,i2,...,iN · vin (12)

So the resulting tensor (XXX×̄nvvv)∈RI1×...×In−1×In+1×...×IN .
A visual representation of a 3-mode vector product can be
seen in Figure 3. For n-mode vector products, precedence
matters, since it changes which dimension of the tensor is
collapsed. Therefore, if m < n,

XXX×̄maaa×̄nbbb = (XXX×̄maaa)×̄n−1bbb = (XXX×̄nbbb)×̄maaa (13)

This is an important rule that will be used later.

2.3 n-Mode Matrix Product
When a tensor is multiplied by a matrix, one of its di-

mensions changes. An n-mode matrix product of a tensor
XXX ∈ RI1×I2×...×IN with a matrix UUU ∈ RJ×In is denoted by
XXX×n UUU . Element-wise, this multiplication results in:

(XXX×n UUU)i1,...,in−1, j,in+1,...,iN =
In

∑
in=1

xi1,i2,...,iN ·u j,in (14)

and the resulting tensor (XXX×nUUU)∈RI1×...×In−1×J×In+1×...×IN .

If n ̸= m, then

XXX×n AAA×m BBB = XXX×m BBB×n AAA (15)

If the modes are the same, then

XXX×n AAA×n BBB = XXX×n (BBBAAA) (16)

These two rules will also be used later. Another im-
portant rule which will be used later is, for a tensor XXX ∈
RI1×I2×...×IN , a matrix AAA ∈ RIn,J , and a vector bbb ∈ RJ ,

XXX×̄n(AAAbbb) = XXX×n AAATTT ×̄nbbb (17)

3 Creating the Triangles
When modeling solids using a discrete method, the

model is represented by a mesh of polygons. In this paper,
triangles were used, so all results of this paper are based on
triangle calculations.

In the code for this paper, a triangle object was cre-
ated for cleaner implementation. Important variables to keep
track of are:

1. a vector of rest vertices. This should stay constant
throughout the simulation.

2. a vector of actual positions, which update as the whole
mesh moves.

3. a material model of some sort, to keep track of λ and µ
values for force calculations.

4. rest area; this is used in calculating the internal force and
stiffness matrix.

5. precomputed coefficients for the cubic polynomial inter-
pretation of internal force and quadratic polynomial for
the tangent stiffness matrix. This will be discussed in a
later section.

In addition to storing variables, there are a few useful
functions that can go into this object as well:

1. getter/setter functions for all private variables.
2. a function that computes ∂FFF

∂uuu .
3. a function that computes the deformation gradient, FFF .
4. a function to compute the internal force for the triangle

given the deformation gradient.
5. a function to compute the force Jacobian for the triangle

given the deformation gradient.

The last three functions are not necessary for the cubic
polynomial approach, but are useful for debugging purposes.
All terms used in this section will be explained in the fol-
lowing subsections, which will go into more details of im-
plementation.

3.1 Computing the Deformation Gradient
When a solid is deformed, the Deformation Gradient,

FFF ∈ R2×2, is the linear mapping from a rest vertex to its de-
formed position (without translation). This mapping can be
used in the calculation of strain energy, so it’s an important
value to calculate if the cubic polynomial approach is not be-
ing used.

The deformation gradient can be found using the equa-
tion:

FFF = DDDsssDDD−1
m =

[
(x2− x0) (x4− x0)
(x3− x1) (x5− x1)

]
DDD−1

m =

[
f0 f2
f1 f3

]
(18)



where DDDsss is the spatial matrix made of the deformed ver-
tices, DDDmmm is the material matrix made of the rest vertices, and
the three vertices of the triangle are (x0,x1),(x2,x3),(x4,x5).
Since the rest vertices stay constant throughout the simula-
tion, DDD−1

m is constant.

3.2 Implementing StVK
This section is not necessary for the cubic polynomial

approach, but it’s useful as a debugging tool. In the code for
this paper, the implementation of StVK is tied to the material
of the triangle, and is called by the functions that calculate
internal force and the force Jacobian for an individual trian-
gle.

A St. Venant-Kirchhoff deformable model is defined by
the StVK strain energy, where

ψ = µ||FFFTTT FFF− III||2 + λ
2

tr(FFFTTT FFF− III)2 (19)

and λ and µ are Lamé coefficients.
In computing the internal force of a single triangle, the

Piola-Kirchhoff stress tensor, i.e. the derivative of the strain
energy by the deformation gradient, is used. The Piola-
Kirchhoff stress tensor is

∂ψ
∂FFF

= 4µFFFFFFTTT FFF−4µFFF +2λFFF tr(FFFTTT FFF)−4λFFF (20)

In computing the force Jacobian of a single triangle, the
energy Hessian is used. The energy Hessian is:

∂2ψ
∂FFF2 = 4µ

[
∂FFF
∂Fi

FFFTTT FFF +FFF
∂FFF
∂Fi

T

FFF +FFFFFFTTT ∂FFF
∂Fi

]

+2λ
∂FFF
∂Fi

tr
(

FFFTTT FFF
)
−4[µ+λ]III

(21)

3.3 Computing dF/dx
Before we can calculate internal force and the force ja-

cobian, we need to find the derivative of FFF in terms of xxx.
Remember that FFF ∈ R2×2 and xxx ∈ R6. This means that

∂FFF
∂xxx

=
[

∂FFF
∂x0

∂FFF
∂x1

∂FFF
∂x2

∂FFF
∂x3

∂FFF
∂x4

∂FFF
∂x5

]

=

[[
−1 −1
0 0

] [
0 0
−1 −1

] [
1 0
0 0

] [
0 0
1 0

] [
0 1
0 0

] [
0 0
0 1

]] (22)

This was derived using equation 18 for FFF . Notice that
this is a vector of matrices, i.e. a third order tensor. While
we can use this as a third order tensor, it’s easier to vectorize
it and treat it as a matrix.

3.3.1 Flattening Matrices and Tensors
Flattening a tensor reduces it into a matrix, and flatten-

ing a matrix reduces it into a vector (also called vectorizing).
To vectorize a matrix, we append the next column onto the
bottom of the previous. So, as an example, if

AAA =

[
1 3
2 4

]
then

vec(AAA) =


1
2
3
4


To flatten a tensor, we do this process on each level - so

if we have a fourth order tensor, or a matrix of matrices, we
first flatten the outer matrix into a vector of matrices, then
vectorize the matrices inside. This step, which is the same
for both third and fourth order tensors, can be done as shown
below:

AAA =

[[
1 3
2 4

] [
5 7
6 8

]]
then

vec(AAA) =
[

vec
([

1 3
2 4

])
vec

([
5 7
6 8

])]
=


1 5
2 6
3 7
4 8


3.4 Computing Internal Force and the Force Jacobian

(The Non-Polynomial Way)
This section is unnecessary for the cubic polynomial ap-

proach, but as with all the other sections, it’s useful for de-
bugging purposes. The internal force inside of the triangle
can be computed using the equation

fff =
∂ψ
∂uuu

= vec
(

∂FFF
∂xxx

)T

·vec
(

∂ψ
∂FFF

)
(23)

where the terms are defined by equations 22 and 20, respec-
tively. The force Jacobian for each triangle can be computed
using the equation



∂2ψ
∂uuu2 = vec

(
∂FFF
∂xxx

)T

· ∂2ψ
∂FFF2 ·vec

(
∂FFF
∂xxx

)
(24)

where the terms are defined by equations 22 and 21. Notice
how xxx, or current vertex placement, and uuu, vertex displace-
ment, are used interchangeably here. In general, this is pos-
sible because the internal force at rest position x̄xx is 0, and
xxx = x̄xx+ uuu. However, it is important to note that these will
not be interchangeable in the cubic polynomial approach.

4 Creating the Triangle Mesh
Now that a triangle object has been established, a trian-

gle mesh can be built. In the code for this paper, the triangle
mesh is a separate object from the individual triangles, and it
stores all of the triangles in a vector. When constructing the
triangle mesh, it may be useful to store a map of each vertex
to its global position, so that future calculations are easier.
In this implementation, the following were stored as private
variables:

1. a vector of triangles, i.e. the triangle mesh.
2. a vertex to global index mapping.
3. a vector of vertex placements.
4. a vector of vertex rest positions.
5. a vector of vertex displacements.
6. a vector of vertex indices representing which vertices are

constrained.
7. a vector of vertex indices representing which vertices are

unconstrained.
8. a vector for internal force.
9. a vector for external force.

10. a mass matrix.
11. a vector for velocity and a vector for acceleration.
12. the basis reduction matrix.
13. a vector for the reduced basis vector.

5 Implementing the Euler-Lagrange Equation of Mo-
tion
After setting up the triangle mesh and applying some

kind of external force, the system is animated by solving the
Euler-Lagrange equation of motion. By solving equation 1,
the displacements for the next time step can be found and
added to the vertex placements. In order to do this, each
term of the equation must be calculated.

5.1 Implementing Internal Force
While this step is not necessary for the cubic polynomial

approach, the methods are similar. In the previous section,

the individual internal force for each triangle was calculated
using equation 23. To calculate the global internal force,
RRR(uuu) ∈ R2n, all of the individual internal forces are added
up. This can be done by looping through every triangle, then
looping through every vertex of the triangle. For each ver-
tex, find where it belongs in the global context, and, if it is
not constrained, add the force to the global vector. Here’s an
example through pseudocode below:

1: function GLOBALINTERNALFORCE(null)
2: global vector.setZero()
3: for triangle in triangles do
4: f orce← triangle. f orce()
5: for vertex in triangle vertices do
6: if vertex is unconstrained then
7: i← global index(vertex)
8: add to global vector
9: end if

10: end for
11: end for
12: end function

5.2 Implementing the Tangent Stiffness Matrix
The process here is similar to the process of calculat-

ing the global internal force. In the previous section, the
individual force Jacobian for each triangle was calculated
using equation 24. To calculate the global stiffness ma-
trix, KKK(uuu) ∈ R2n×2n, all of the individual force Jacobians are
added up. This can be done by looping through every trian-
gle, then looping through every vertex of the triangle twice.
For each vertex, find where it belongs in the global context,
and, if it is not constrained, add the force to the global stiff-
ness matrix. Here’s an example through pseudocode below:

1: function GLOBALSTIFFNESSMATRIX(null)
2: global sti f f ness.setZero()
3: for triangle in triangles do
4: jacobian← triangle. jacobian()
5: for vertex in triangle vertices do
6: if vertex is unconstrained then
7: i← global index(vertex)
8: for vertex2 in triangle vertices do
9: if vertex2 is unconstrained then

10: j← global index(vertex2)
11: add to global stiffness matrix
12: end if
13: end for
14: end if
15: end for
16: end for
17: end function



5.3 Implementing the Mass Matrix
The mass matrix does not change over time, so this can

be initialized outside of the motion function. How mass is
implemented is up to the creator.

5.4 Implementing the Damping Matrix
The damping matrix is calculated using the equation

DDD(uuu) = (αMMM−βKKK(uuu)) (25)

After computing the global stiffness matrix, this should
be straightforward. The alpha and beta values are constant
values that are up to the creator, depending on how strong
the desired force is.

5.5 Implementing the Newmark Integrator
After calculating all of the individual terms in the Euler-

Lagrange equation of motion, the equation can be solved for
a given time-step using an implicit Newmark integrator. Im-
plicit Newmark integrators are second-order accurate, and
they only require one step, instead of having to solve the
equation in a few iterations. While the pseudocode below
is written for unreduced displacements, this iteration stays
exactly the same when uuu is replaced with qqq.

1: function NEWMARKINTEGRATOR(null)
2: uuui+1← uuuiii
3: Evaluate internal forces RRR(uuuiii)
4: Evaluate the stiffness matrix KKK(uuuiii)
5: Calculate the damping matrix, DDD(uuuiii) = αMMM−βKKK
6: Calculate the system matrix, AAA = α1MMM+α4DDD(uuuiii)−

KKK
7: residual ← (α3MMM − α6DDD)üuuiii + (α2MMM − α5DDD)u̇uui +

RRR(uuuiii)+ fff i+1
8: ∆uuu← AAA−1· residual
9: uuui+1← uuui+1 +∆uuu

10: u̇uui+1← α4(uuui+1−uuuiii)+α5u̇uuiii +α6üuuiii
11: üuui+1← α1(uuui+1−uuuiii)−α2u̇uuiii−α3üuuiii
12: end function

The alpha constants in this integrator are determined by
the equations

α1 =
1

β̃(∆t)2 ,α2 =
1

β̃∆t
,α3 =

1−2β̃
2β̃

,α4 =
γ̃

β̃∆t
,

α5 = 1− γ̃
β̃
,α6 =

(
1− γ̃

2β̃

)
∆t

Where 0 ≤ β̃ ≤ 0.5 and 0 ≤ γ̃ ≤ 1. We chose β̃ = 0.25
and γ̃ = 0.5 for this implementation, but Barbič and James
chose β̃ = 0 and γ̃ = 0.5.

6 Generating Precomputed Coefficients
At this point in the paper, a fully function simulator

of St. Venant-Kirchhoff deformable models can be cre-
ated; however, they are still unreduced and lack any pre-
computation. If pre-computation does not interest you, feel
free to skip to the section titled Generating a Deformation
Basis - after creating a deformation basis, reducing every-
thing is as simple as following equations 3 - 8.

For simplicity, we derived the precomputed constant co-
efficients before reducing the equation. In order to have
the ability to precompute constant coefficients, all variables
must be extractable. In the case of unreduced St. Venant-
Kirchhoff models, this means that we should be able to sep-
arate vertex positions, xxx, out of the internal force and stiff-
ness matrix calculation. Again, for simplicity, we began by
separating xxx from the internal force equation 23 and force
Jacobian equation 24 for an individual triangle, then created
global constants similar to how the global internal force and
global stiffness matrix were built in sections 5.1 and 5.2.

6.1 Coefficients for the Tangent Stiffness Matrix
Looking at equation 21, there is clearly one quadratic

term, and one constant matrix, −4[µ+ λ]III. From this, we
can already derive the constant coefficient term:

QQQ =−vec
(

∂FFF
∂xxx

)T

4[µ+λ]III vec
(

∂FFF
∂xxx

)
(26)

The quadratic term is trickier. Looking at the µ term of
∂2ψ
∂FFF2 alone,

[
∂FFF
∂Fi

FFFTTT FFF +FFF ∂FFF
∂Fi

T
FFF +FFFFFFTTT ∂FFF

∂Fi

]
decomposes into

∂FFF
∂Fi

FFFTTT FFF =
f 2
0 + f 2

1 0 f0 f2 + f1 f3 0
0 f 2

0 + f 2
1 0 f0 f2 + f1 f3

f0 f2 + f1 f3 0 f 2
2 + f 2

3 0
0 f0 f2 + f1 f3 0 f 2

2 + f 2
3



FFF ∂FFF
∂Fi

T
FFF =


f 2
0 f0 f1 f0 f2 f1 f2

f0 f1 f 2
1 f0 f3 f1 f3

f0 f2 f0 f3 f 2
2 f2 f3

f1 f2 f1 f3 f2 f3 f 2
3


FFFFFFTTT ∂FFF

∂Fi
=

f 2
0 + f 2

2 f0 f1 + f2 f3 0 0
f0 f1 + f2 f3 f 2

1 + f 2
3 0 0

0 0 f 2
0 + f 2

2 f0 f1 + f2 f3
0 0 f0 f1 + f2 f3 f 2

1 + f 2
3





In order to separate out all of the xxx’s, we can first sepa-
rate all of the fff terms. This can be done using tensors. By
working backwards from the matrices above, a fourth order
tensor, CCCµ, can be derived, such that

CCCµ =




3 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0




0 2 0 0
0 0 0 0
0 0 0 1
0 0 0 0




0 0 2 0
0 0 0 1
0 0 0 0
0 0 0 0




0 0 0 0
0 0 0 0
0 1 0 0
0 0 0 0


0 0 0 0
2 0 0 0
0 0 0 0
0 0 1 0




1 0 0 0
0 3 0 0
0 0 0 0
0 0 0 1




0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0




0 0 1 0
0 0 0 2
0 0 0 0
0 0 0 0


0 0 0 0
0 0 0 0
2 0 0 0
0 1 0 0




0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0




1 0 0 0
0 0 0 0
0 0 3 0
0 0 0 1




0 1 0 0
0 0 0 0
0 0 0 2
0 0 0 0


0 0 0 0
0 0 1 0
0 0 0 0
0 0 0 0




0 0 0 0
0 0 0 0
1 0 0 0
0 2 0 0




0 0 0 0
1 0 0 0
0 0 0 0
0 0 2 0




0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 3





(27)

And

4µ

[
∂FFF
∂Fi

FFFTTT FFF +FFF
∂FFF
∂Fi

T

FFF +FFFFFFTTT ∂FFF
∂Fi

]
=

4µCCCµ×̄4 vec(FFF)×̄3 vec(FFF)

(28)

Similar to the µ term, the λ term, which can be split into
the two terms:

2λ
(

∂FFF
∂Fi

tr
(
FFFTTT FFF

))
= 2λ

(
f 2
0 + f 2

1 + f 2
2 + f 2

3
)

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1



2λ
(

FFF
∂ tr(FFFTTT FFF)

∂Fi

)
= 2λ


2 f 2

0 2 f0 f1 2 f0 f2 2 f0 f3
2 f0 f1 2 f 2

1 2 f1 f2 2 f1 f3
2 f0 f2 2 f1 f2 2 f 2

2 2 f2 f3
2 f0 f3 2 f1 f3 2 f2 f3 2 f 2

3



has a fourth order tensors that can be derived:

CCCλ =




3 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1




0 2 0 0
2 0 0 0
0 0 0 0
0 0 0 0




0 0 2 0
0 0 0 0
2 0 0 0
0 0 0 0




0 0 0 2
0 0 0 0
0 0 0 0
2 0 0 0


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




1 0 0 0
0 3 0 0
0 0 1 0
0 0 0 1




0 0 0 0
0 0 2 0
0 2 0 0
0 0 0 0




0 0 0 0
0 0 0 2
0 0 0 0
0 2 0 0


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




1 0 0 0
0 1 0 0
0 0 3 0
0 0 0 1




0 0 0 0
0 0 0 0
0 0 0 2
0 0 2 0


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 3





(29)

And

2λ

[
∂FFF
∂Fi

tr
(

FFFTTT FFF
)
+FFF

∂ tr
(
FFFTTT FFF

)
∂Fi

]
= 2λCCCλ×̄4 vec(FFF)×̄3 vec(FFF)

(30)
So the entire quadratic term of equation 21 can be writ-

ten as

CCC fff ×̄4 vec(FFF)×̄3 vec(FFF) =

(4µCCCµ +2λCCCλ)×̄4 vec(FFF)×̄3 vec(FFF) (31)

This still only separates FFF , not xxx. However, since FFF =
∂FFF
∂xxx xxx, we can rearrange this equation using our tensor product
rules (equations 13-17) so that

CCC fff ×̄4 vec(FFF)×̄3 vec(FFF)=CCC fff ×̄4 vec
(

∂FFF
∂xxx

xxx
)
×̄3 vec

(
∂FFF
∂xxx

xxx
)

=CCC fff ×̄4 vec
(

∂FFF
∂xxx

)
vec(xxx)×̄3 vec

(
∂FFF
∂xxx

)
vec(xxx)

=CCC fff ×4 vec
(

∂FFF
∂xxx

)T

×̄4 vec(xxx)×3 vec
(

∂FFF
∂xxx

)T

×̄3 vec(xxx)

=

[
CCC fff ×4 vec

(
∂FFF
∂xxx

)T

×3 vec
(

∂FFF
∂xxx

)T
]
×̄4 vec(xxx)×̄3 vec(xxx)

(32)



Since ∂FFF
∂xxx is constant (refer back to equation 22), this can

be pushed into our constant, so that our equation 21 quadratic
constant can be written as

CCCd pd f =CCC fff ×4 vec
(

∂FFF
∂xxx

)T

×3 vec
(

∂FFF
∂xxx

)T

(33)

This constant is still for equation 21, not the force Jaco-
bian. The only step left in calculating the triangle force Ja-
cobian’s quadratic coefficient is to multiply it on both sides
by

(
∂FFF
∂xxx

)
:

CCC = vec
(

∂FFF
∂xxx

)T

CCCd pd f vec
(

∂FFF
∂xxx

)
=CCCd pd f ×2 vec

(
∂FFF
∂xxx

)T

×1 vec
(

∂FFF
∂xxx

)T

(34)

With both the quadratic coefficient and the constant ma-
trix, the force jacobian can now be written as a quadratic
polynomial:

∂2ψ
∂xxx2 =CCC×̄4 vec(xxx)×̄3 vec(xxx)+QQQ (35)

6.1.1 Creating the Global Tangent Stiffness Matrix Co-
efficients

Now that the constant terms for the force Jacobian for
each triangle have been computed, we can create global con-
stant terms for the tangent stiffness matrix in a similar man-
ner to how the global tangent stiffness matrix was computed
earlier.

1: function GLOBALSTIFFNESSCONSTANTS(null)
2: Qglobal .setZero()
3: Cglobal .setZero()
4: for triangle in triangles do
5: Q← triangle.getQ()
6: C← triangle.getC()
7: for vertex in triangle vertices do
8: if vertex is unconstrained then
9: i← global index(vertex)

10: for vertex2 in triangle vertices do
11: if vertex2 is unconstrained then
12: j← global index(vertex2)
13: Qglobal(i, j) ← Qglobal(i, j) +

Q(vertex,vertex2)

14: for vertex3 in triangle vertices do
15: k← global index(vertex3)
16: for vertex4 in triangle vertices

do
17: l ←

global index(vertex4)
18: Cglobal(i, j,k, l) ←

Cglobal(i, j,k, l)+C(vertex,vertex2,vertex3,vertex4)
19: end for
20: end for
21: end if
22: end for
23: end if
24: end for
25: end for
26: end function

Note that the global coefficients match the order of the
triangle coefficients; that is, the constant term, QQQglobal , is a
matrix, while the global coefficient for the quadratic term,
CCCglobal , is a fourth-order tensor. The difference is in their
dimensions; while QQQ ∈ R6×6, QQQglobal ∈ R2n×2n, and while
CCC ∈ R6×6×6×6, CCCglobal ∈ R2n×2n×2n×2n.

Also note that this pseudocode is abbreviated; while it
only shows adding CCC and QQQ to one position in the global co-
efficients, you actually have to add it to every possible com-
bination of the current vertices’ x and y coordinates. For ex-
ample, if vertex and vertex2 are unconstrained, then

QQQglobal(i, j)+ = QQQ(vertex(x),vertex2(x)),
QQQglobal(i+1, j)+ = QQQ(vertex(y),vertex2(x)),

QQQglobal(i, j+1)+ = QQQ(vertex(x),vertex2(y)), and
QQQglobal(i+1, j+1)+ = QQQ(vertex(y),vertex2(y)).

After all coefficients are precomputed, the global stiff-
ness matrix calculation is as easy as computing:

KKK(xxx) =CCCglobal×̄4xxx×̄3xxx+QQQglobal (36)

6.2 Coefficients for Internal Force
Looking at equation 20, there is clearly one cubic term

and one linear term. Since the force Jacobian is the derivative
of internal force, the linear coefficient for internal force is
actually also QQQ (eq 26). The connection between the cubic
term and the quadratic term, however, is not as clean, because
the cubic term can be reduced into a fourth order tensor as
well. We are able to reduce the coefficient for the cubic term
into a fourth order tensor because equation 20 is vectorized,
reducing its order by one.

The vectorized cubic term, before separating xxx, is

vec
(
4µFFFFFFTTT FFF +2λ tr

(
FFFTTT FFF

)
FFF
)



where

vec
(
4µFFFFFFTTT FFF

)
= 4µ


f 3
0 + f0 f 2

1 + f0 f 2
2 + f1 f2 f3

f 2
0 f1 + f 3

1 + f0 f2 f3 + f1 f 2
3

f 2
0 f2 + f0 f1 f3 + f 3

2 + f2 f 2
3

f0 f1 f2 + f 2
1 f3 + f 2

2 f3 + f 3
3



vec
(
2λ tr

(
FFFTTT FFF

)
FFF
)
= 2λ


f 3
0 + f0 f 2

1 + f0 f 2
2 + f0 f 2

3
f 2
0 f1 + f 3

1 + f1 f 2
2 + f1 f 2

3
f 2
0 f2 + f2 f 2

1 + f 3
2 + f2 f 2

3
f 2
0 f3 + f3 f 2

1 + f3 f 2
2 + f 3

3



In order to separate out all of the xxx’s, we can first sep-
arate all of the fff terms, like we did for the force jacobian.
By working backwards from the matrices above, two fourth
order tensor, AAAµ and AAAλ, can be derived, such that

AAAµ =




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0




0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0


0 0 0 0
0 0 0 0
0 0 0 0
0 0 1 0




1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 1




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1




0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




0 0 0 0
1 0 0 0
0 0 0 0
0 0 0 0




0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1





(37)

and

AAAλ =




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1





(38)

such that

AAA fff ×̄4 vecFFF×̄3 vecFFF×̄2 vecFFF

= (4µAAAµ +2λAAAλ)×̄4 vecFFF×̄3 vecFFF×̄2 vecFFF

= vec
(

4µFFFFFFTTT FFF +2λ tr
(

FFFTTT FFF
)

FFF
)

(39)

Then, by replacing FFF =
(

∂FFF
∂xxx xxx

)
and pushing ∂FFF

∂xxx to the
left side of the equation, we end up with a fourth order tensor,
AAApk, such that

AAApk = AAA fff ×4 vec
(

∂FFF
∂xxx

)
×3 vec

(
∂FFF
∂xxx

)
×2 vec

(
∂FFF
∂xxx

)
(40)

AAApk is the coefficient for the cubic term in the Piola-
Kirchhoff equation (20). To make this a coefficient for inter-
nal force, it must be multiplied once more by vec

(
∂FFF
∂xxx

)
(eq.

23):

AAA = AAApk×1 vec
(

∂FFF
∂xxx

)
(41)

With both the cubic coefficient and the linear matrix, the
internal force can now be written as a cubic polynomial:

∂ψ
∂xxx

= AAA×̄4 vec(xxx)×̄3 vec(xxx)×̄2 vec(xxx)+QQQvec(xxx) (42)



6.2.1 Creating the Global Internal Force Coefficients
Now that the coefficients for the internal force for each

triangle has been computed, we can create global constant
coefficients for internal force in a similar manner to how the
global internal force was computed earlier.

1: function GLOBALFORCECONSTANTS(null)
2: Pglobal .setZero()
3: Aglobal .setZero()
4: for triangle in triangles do
5: P← triangle.getQ()
6: A← triangle.getA()
7: for vertex in triangle vertices do
8: if vertex is unconstrained then
9: i← global index(vertex)

10: for vertex2 in triangle vertices do
11: j← global index(vertex2)
12: Pglobal(i, j) ← Pglobal(i, j) +

P(vertex,vertex2)
13: for vertex3 in triangle vertices do
14: k← global index(vertex3)
15: for vertex4 in triangle vertices do
16: l← global index(vertex4)
17: Aglobal(i, j,k, l) ←

Aglobal(i, j,k, l)+A(vertex,vertex2,vertex3,vertex4)
18: end for
19: end for
20: end for
21: end if
22: end for
23: end for
24: end function

Like the pseudocode for computing the global stiffness
matrix coefficients, the assignment lines are abbreviated in
the same way. Refer back to Creating the Global Tangent
Stiffness Matrix Coefficients for a refresher.

Also note how a separate global matrix, PPPglobal , was cre-
ated here, despite the fact the linear internal force coefficient
is identical to the constant force Jacobian coefficient for a
single triangle. This is because the loops they run through
are slightly different - in the pseudocode above, QQQ is added
to PPPglobal so long as the first vertex is unconstrained. In the
pseudocode for the stiffness matrix, QQQ is added to QQQglobal
only if the first and the second vertex are unconstrained.
PPPglobal ̸= QQQglobal!

After computing coefficients, evaluating the internal
force at any point in time is as simple as calculating:

RRR(xxx) = AAAglobal×̄4xxx×̄3xxx×̄2xxx+PPPglobalxxx (43)

7 Adjusting Polynomials for Displacement
As mentioned in section 3.4, xxx and uuu are no longer inter-

changeable through the cubic polynomial implementation of
computing force.

7.1 Adjusting Internal Force
While it’s true that

RRR(x̄xx) = 0

the individual terms within the internal force equation are
non-zero at rest position x̄xx. That is,

AAA×̄4x̄xx×̄3x̄xx×̄2x̄xx ̸= 0
AAA×̄4x̄xx×̄3x̄xx×̄2x̄xx =−QQQx̄xx

Since the terms are non-zero at x̄xx, uuu cannot just replace xxx
in this equation. We can, however, derive an alternate equa-
tion to deal with displacement. The first step is to insert x̄xx+uuu
for every xxx.

AAA×̄4(x̄xx+uuu)×̄3(x̄xx+uuu)×̄2(x̄xx+uuu)

= (AAA×̄4x̄xx)×̄3(x̄xx+uuu)×̄2(x̄xx+uuu)

+(AAA×̄4uuu)×̄3(x̄xx+uuu)×̄2(x̄xx+uuu) (44)

Looking at the first term,

(AAA×̄4x̄xx)×̄3(x̄xx+uuu)×̄2(x̄xx+uuu) = (AAA×̄4x̄xx×̄3x̄xx)×̄2(x̄xx+uuu)

+(AAA×̄4x̄xx×̄3uuu)×̄2(x̄xx+uuu)

= (AAA×̄4x̄xx×̄3x̄xx×̄2x̄xx)+(AAA×̄4x̄xx×̄3x̄xx×̄2uuu)

+(AAA×̄4x̄xx×̄3uuu×̄2x̄xx)+(AAA×̄4x̄xx×̄3uuu×̄2uuu)

(45)

Notice that one of the final terms here is
(AAA×̄4x̄xx×̄3x̄xx×̄2x̄xx). Since RRR(x̄xx) = 0, (AAA×̄4x̄xx×̄3x̄xx×̄2x̄xx) = −QQQx̄xx,
so this term can be ignored.

The second term of equation 44 can be deconstructed in
a similar manner:

(AAA×̄4uuu)×̄3(x̄xx+uuu)×̄2(x̄xx+uuu)

= (AAA×̄4uuu×̄3x̄xx×̄2x̄xx)+(AAA×̄4uuu×̄3x̄xx×̄2uuu)

+(AAA×̄4uuu×̄3uuu×̄2x̄xx)+(AAA×̄4uuu×̄3uuu×̄2uuu) (46)

Notice that the last term is structured like the initial
equation for xxx, yet we have many extra terms between equa-
tions 45 and 46. These extra terms form a quadratic term and



modify the linear constant. The linear constant for internal
force now becomes:

PPP = QQQ+(AAA×̄3x̄xx×̄2x̄xx)+(AAA×̄4x̄xx×̄2x̄xx)+(AAA×̄4x̄xx×̄3x̄xx) (47)

and the new quadratic term is defined as:

BBB = (AAA×̄2x̄xx)+(AAA×̄3x̄xx)+(AAA×̄4x̄xx) (48)

where BBB ∈ R6×6×6, and is thus a third-order tensor.
With these new terms, the redefined internal force equa-

tion for displacement is:

∂ψ
∂uuu

= AAA×̄4uuu×̄3uuu×̄2uuu+BBB×̄3uuu×̄2uuu+PPPuuu (49)

The global coefficients can be built the same way as be-
fore, with an extra tensor to store values of BBB. With these
modified global coefficients, the calculation of global inter-
nal force is now:

RRR(uuu) = AAAglobal×̄4uuu×̄3uuu×̄2uuu+BBBglobal×̄3uuu×̄2uuu+PPPglobaluuu
(50)

7.2 Adjusting the Stiffness Matrix
The force Jacobian is adjusted using the same method as

the internal force. When x̄xx+uuu is substituted for every xxx, the
resulting force Jacobian equation is

∂2ψ
∂uuu2 =CCC×̄4x̄xx×̄3x̄xx+CCC×̄4x̄xx×̄3uuu+CCC×̄3x̄xx×̄3uuu+CCC×̄4uuu×̄3uuu

(51)
The extra terms here form a new linear term and modify

the constant matrix. The constant matrix now becomes:

QQQ = QQQ+CCC×̄4x̄xx×̄3x̄xx (52)

and the linear term is defined as:

GGG =CCC×̄4x̄xx+CCC×̄3x̄xx (53)

where GGG is a third-order tensor.
With these modifications, the new force Jacobian equa-

tion is:

∂2ψ
∂uuu2 =CCC×̄4uuu×̄3uuu+GGG×̄3uuu+QQQuuu (54)

The global coefficients can be built the same way as be-
fore, with an extra tensor to store values of GGG. Thus, the
calculation of the global stiffness matrix is now:

KKK(uuu) =CCCglobal×̄4uuu×̄3uuu+GGGglobal×̄3uuu+QQQglobal (55)

8 Generating a Deformation Basis
There are many ways to generate a deformation basis.

It’s a hard, open problem in solid mechanics, as there is no
unanimously used algorithm for it. The approach used for
this paper was the mass-PCA approach. This was achieved
by running the unreduced program to record r ∈ R distinct
deformations. Each vertex displacement for a single defor-
mation was stored in one column of a matrix, so that the final
matrix of deformed coordinates was XXX ∈ R2n×r.

After computing this matrix, SVD was run on XXX , and the
first r columns of the UUUSV D matrix became the deformation
basis, UUU ∈ R2n×r. This basis works well for stationary ob-
jects, but it does not incorporate translation. To create a ba-
sis that allows for translation, create two vectors tttxxx, tttyyy ∈R2n,
such that tttxxx[i] = 1 when i is an x coordinate, and 0 otherwise;
and tttyyy[i] = 1 when i is a y coordinate, and 0 otherwise.

Normalize both tttxxx and tttyyy, then append them so they are
the first two columns of UUU . Then, adjust every column that
is not the translation columns, as shown below:

1: function ADDTRANSLATION(null)
2: for ccc ∈UUU do
3: if ccc is not tttxxx or tttyyy then
4: ccc← ccc− tttT

xxx ccctttxxx
5: ccc← ccc− tttT

yyy ccctttyyy
6: end if
7: end for
8: end function

9 Reducing the Euler-Lagrange Equation of Motion
Now that a deformation basis has been generated, it can

be used to reduce the order of the Euler-Lagrange equation of
motion calculation. The next three subsections explain how
these reductions can be done.



9.1 Reducing the Internal Force
In order to reduce the internal forces the cubic polyno-

mial way, the displacement adjusted formula must be used.
Assuming that equation 50 is used, reducing internal force is
as simple as reducing every precomputed coefficient:

ÃAAglobal = AAAglobal×4 UUUT ×3 UUUT ×2 UUUT ×1 UUUT (56)

B̃BBglobal = BBBglobal×3 UUUT ×2 UUUT ×1 UUUT (57)

P̃PPglobal =UUUT PPPglobalUUU (58)

With these reduced coefficients, the reduced internal
force is:

R̃RR(qqq) = ÃAAglobal×̄4qqq×̄3qqq×̄2qqq+ B̃BBglobal×̄3qqq×̄2qqq+ P̃PPglobalqqq
(59)

9.2 Reducing the Global Tangent Stiffness Matrix
In order to reduce the tangent stiffness matrix the poly-

nomial way, the displacement adjusted formula must be used.
Assuming that equation 55 is used, reducing the stiffness ma-
trix is as simple as reducing every precomputed coefficient:

C̃CCglobal =CCCglobal×4 UUUT ×3 UUUT ×2 UUUT ×1 UUUT (60)

G̃GGglobal = GGGglobal×3 UUUT ×2 UUUT ×1 UUUT (61)

Q̃QQglobal =UUUT QQQglobalUUU (62)

With these reduced coefficients, the reduced stiffness
matrix is:

K̃KK(qqq) = C̃CCglobal×̄4qqq×̄3qqq+ G̃GGglobal×̄3qqq+ Q̃QQglobal (63)

9.3 Reducing All Other Forces
For reducing external force and mass, follow equations

4 and 7. The reduced damping matrix can be calculated after
mass and stiffness are reduced, so that

D̃DD = αM̃MM−βK̃KK(qqq) (64)

After everything is reduced, run the Newmark integrator
exactly as before. Refer back to the section titled Imple-
menting the Newmark Integrator for a reminder of how to
implement it.

10 Discussion
Hopefully, this paper has been clear enough that it is

now possible to reproduce this work. Unlike Barbič’s origi-
nal paper, this approach uses tensors and tensor mode prod-
ucts, which do not exist in mainstream libraries. While we
implemented our own version of third and fourth order ten-
sors, it was not the most efficient implementation possible.
Through careful tensor construction, there are more efficient
ways of implementing mode products.

Additionally, there is the possibility that some of the ten-
sors this paper uses can be flattened in some way. Most of
the tensors are sparse, and storing the entire structure full of
zeros is a waste of space and computation time.
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